Introduction
Let R be a commutative artinian ring. This article consists of an introduction to Iyama's higher Auslander-Reiten theory for Artin R-algebras from the viewpoint of higher homological algebra.
Auslander-Reiten theory was introduced in a series of articles between 1971 and 1978, see [Aus74, Aus78, AR74, AR75, AR77a, AR77b, AR78]. Since its introduction, Auslander-Reiten theory has become a fundamental tool for studying the representation theory of Artin algebras, see for example [ARS97] .
The concept of an almost split sequence, central in Auslander-Reiten theory, has its origin in the following fundamental theorem of Auslander.
Theorem (Auslander correspondence, see Section III.4 in [Aus71] ). There is a oneto-one correspondence between the Morita-equivalence classes of Artin R-algebras Λ of finite representation type and Morita-equivalence classes of Auslander R-algebras, that is Artin R-algebras Γ satisfying gl. dim Γ ≤ 2 ≤ dom. dim Γ where dom. dim Γ denotes the dominant dimension of Γ in the sense of [Tac73] . The correspondence is given by M → End Λ (M ), where M is a representation generator of mod Λ.
Let Λ be an Artin R-algebra of finite representation type and M a representation generator of mod Λ. Suppose that Λ is not semi-simple. Then, the Artin R-algebra Γ := End Λ (M ) has global dimension 2. Let S be a simple Γ-module of projective dimension 2 and 0
Hom Conversely, an almost split sequence in mod Λ corresponds to a minimal projective resolution of a simple Γ-module. Higher Auslander-Reiten theory was introduced by Iyama in 2004 in [Iya07b] and [Iya07a] (see also the survey article [Iya08] ). In addition to representation theory [IO11, HI11b, Miz14] , it has exhibited connections to commutative algebra, commutative and non-commutative algebraic geometry, and combinatorics, see for example [HI11a, OT12, IO13, HIMO14] .
In complete analogy with the classical theory, higher Auslander-Reiten theory can be motivated by the following theorem of Iyama. Let d be a positive integer. In this article we adopt a complementary point of view. In Section 2 we motivate the introduction of d-cluster-tilting subcategories of mod Λ by investigating exact sequences of the form
whose terms lie in a d-rigid subcategory M of mod Λ, that is such that for all i ∈ { 1, . . . , d − 1 } the equality Ext i Λ (M, M) = 0 holds. We call such sequences d-exact sequences. In Section 3 we modify Krause's proof of Auslander's defect formula [Kra03] to give a new proof of the defect formula for d-exact sequences. Following Auslander, Reiten, and Smalø [ARS97] , in Section 4 we establish the existence of morphisms determined by objects in d-cluster-tilting subcategories. Finally, in Section 5, we prove the existence of d-almost split sequences in d-clustertilting subcategories as a consequence of the existence of morphisms determined by objects.
Conventions and preliminaries. Throughout the article we fix a positive integer d. We also fix a commutative artinian ring R and an Artin R-algebra Λ. We denote by mod Λ the abelian category of finite length, equivalently finitely presented, right Λ-modules. Let S 1 , . . . , S n be a complete set of representatives of the isomorphism classes of the simple R-modules, and I the injective envelope of the sum S 1 ⊕S 2 · · ·⊕ S n . Recall that
is a duality. We denote by τ the Auslander-Reiten translation of mod Λ. All subcategories of mod Λ which we consider are assumed to be full and closed under direct sums and direct summands; in particular, they are additive subcategories of mod Λ. When convenient, we write (−, −) instead of Hom Λ (−, −) and
If M ∈ mod Λ, then we denote by add M the smallest subcategory of mod Λ containing M and which is closed under direct sums and direct summands.
Recall that a morphism f : L → M of Λ-modules is right minimal if each morphism g : L → L such that f • g = f is an isomorphism. The notion of a morphism being left minimal is defined dually. Clearly, if f : L → M is a right minimal morphism and g : M → N is a monomorphism, then the composite g • f is right minimal. The following observation is well known.
is exact. Then, g is in the Jacobson radical of mod Λ if and only if f is right minimal.
Proof. Suppose that g is in the Jacobson radical of mod Λ. Let h :
Since g is in the Jacobson radical of mod Λ the morphism h = 1 M + g • i is invertible, which is what we needed to show.
Conversely, suppose that f is right minimal. Let i : M → L be a morphism and
Since f is right minimal, h is an isomorphism. This shows that g belongs to the Jacobson radical of mod Λ.
Recall that a subcategory X of mod Λ is contravariantly finite if for every M ∈ mod Λ there exists X ∈ X and a morphism f : X → M such that for all X ′ ∈ X the induced sequence of R-modules
is exact. We call such a morphism f a right X-approximation of M . A right X-approximation of M is minimal if it is a right minimal morphism. We define covariantly finite subcategories and (minimal) left approximations dually. We say that X is functorially finite if it is both a contravariantly finite and a covariantly finite subcategory of mod Λ. A subcategory X of mod Λ is said to be generating if Λ ∈ X (we remind the reader of our conventions on subcategories). Similarly, X is cogenerating if DΛ ∈ X. Note that if X is a generating contravariantly finite subcategory of mod Λ, then every right X-approximation f : X → M of M is an epimorphism since the projective cover of M factors through f ; dually, if X is a cogenerating covariantly finite subcategory of mod Λ, then every left X-approximation is a monomorphism. We use these facts freely in the sequel.
d-cluster-tilting subcategories
In this section we motivate the study of d-cluster-tilting subcategories of mod Λ from the viewpoint of d-homological algebra. For this, we first introduce the notion of a d-exact sequence in a subcategory and establish their basic properties. 
Proof. We only construct the first sequence, the second sequence can be constructed dually. Since M is a d-rigid subcategory of mod Λ, for each i ∈ { 2, . . . , d − 1 } the cohomology of the complex
Λ (X, L) which vanishes by assumption (cf. remark 2.4.3 in [Wei94] in which F -acylic objects are discussed).
Consider a short exact sequence 0
Applying the functor Hom Λ (X, −) yields an exact sequence
By the dimension-shifting argument (see for example Exercise 2.4.3 in [Wei94] ) there is an isomorphism between Ext
Thus, we obtain an exact sequence
The claim follows.
The study of the following class of exact sequences is motivated by 2.2. Remark 2.5. Let M be a subcategory of mod Λ and
i+1 lies in the Jacobson radical of mod Λ. Then, 1.1 and its dual imply that f is left minimal and g is right minimal.
According to 2.2, degree d exact sequences whose terms all lie in a d-rigid subcategory of mod Λ are d-exact sequences in this subcategory. In fact, the following partial converse hold.
Proposition 2.6 (cf. Lemma 5.1 in [Jør16] ). Let M be a generating d-rigid subcategory of mod Λ and
Proof. The proof of Lemma 5.1 in [Jør16] carries over. Indeed, there is an isomorphism of complexes of Λ-modules
whose top row is exact by assumption.
Remark 2.7. Let M be a generating-cogenerating d-rigid subcategory of mod Λ. In view of 2.6 it is justified to write
We need the following easy result which is analogous to the comparison lemma for projective resolutions, see for example Theorem 2.2.6 in [Wei94] .
be a morphism of complexes of Λ-modules such that for all i ≥ 1 the sequence of R-modules
Proof. See for example the Comparison Lemma 2.1 in [Jas16] .
We recall that a complex of Λ-modules is contractible if its identity morphism is null-homotopic. The following straightforward result, well known for short exact sequences, is an important property of d-exact sequences.
Proposition 2.9 (see Proposition 2.6 [Jas16]). Let M be a subcategory of mod Λ and
Proof. It is clear that (a) implies both (b) and (c). We only show that (c) implies (a). Since g is a split epimorphism, for all X ∈ M the complex
is exact. In particular, the morphism of complexes
satisfies the hypothesis in 2.8 and, therefore, the identity morphism of δ is nullhomotopic.
Pullback and pushout diagrams play an important role in homological algebra. We consider the following higher analogues of these concepts. 
Remark 2.11. Let M be a subcategory of mod Λ. The reader can readily verify that a morphism of complexes of Λ-modules of the form
Similarly, a morphism of complexes of Λ-modules of the form
The following result is analogous to the classical statement that pullbacks preserve kernels.
Proposition 2.12 (cf. Proposition 4.8 [Jas16] ). Let M be a subcategory of mod Λ and consider a diagram
where the rectangle is a d-pullback diagram in M and whose bottom row is a left d-exact sequence. Then, the diagram above extends uniquely to a morphism of complexes of the form
Proof. Consider the standard sequence in the abelian category of complexes of Λ-modules
Then, applying the functor Hom Λ (M, −) to this diagram yields a commutative diagram
whose vertical columns are split short exact sequences. Since the two top rows are exact, a diagram chase shows that the bottom row is also exact.
commutes. This finishes the proof.
d-cluster-tilting subcategories.
The following proposition provides motivation for introducing the class of d-cluster-tilting subcategories of mod Λ, cf. Theorem 2.2.3 in [Iya07b] . 
Proof. By construction, for all X ∈ M the sequence of R-modules The following definition is motivated by 2.13. Definition 2.14 (see Definition 2.2 in [Iya07b] ). Let M be a functorially finite subcategory of mod Λ. We call M a d-cluster-tilting subcategory if
Remark 2.15. Note that mod Λ itself is its unique 1-cluster-tilting subcategory. More generally, let M be a d-cluster-tilting subcategory of mod Λ. By definition, M is a both a generating and a cogenerating subcategory of mod Λ. In the spirit of the Morita-Tachikawa correspondence [Tac73] , the study of d-cluster-tilting subcategories can be regarded as the study of a particularly nice class of generatingcogenerating subcategories of mod Λ, see for example [Iya07a, IJ] . One of the defining properties of abelian categories is that every epimorphism is the cokernel of its kernel. The following result shows that d-cluster-tilting subcategories of mod Λ satisfy an analogous property, cf. Theorem 3.16 and Proposition 3.18 in [Jas16] .
Proposition 2.17. Let M be a d-cluster-tilting subcategory of mod Λ and
Proof. Since g is an epimorphism, by 2.6 the sequence
Since M is in particular a d-rigid subcategory, the claim follows from 2.2.
Combining 2.16, 2.17, and their duals, gives the following result.
Proposition 2.18. Let M be a d-cluster-tilting subcategory of mod Λ. Then, M is a d-abelian category in the sense of Definition 3.1 in [Jas16] .
We conclude this section with a couple of technical results regarding d-pullback diagrams and d-pushout diagrams in d-cluster-tilting subcategories of mod Λ. 
commutes, the dotted morphism rendering the diagram commutative exists. Let
and iterate the previous argument. By construction, the resulting diagram induces a commutative diagram
which satisfies the assumptions in 2.13 whence
This sequence is precisely the mapping cone of the morphism of complexes
The claim follows. Proof. Obviously, statement (c) implies (b). We show that (b) implies (c). By assumption
Since the morphism V ⊕M d → N is an epimorphism, the claim follows from 2.17. Now we show that statement (c) implies statement (a). By 2.12 the top row of the diagram is a left d-exact sequence. Hence, in view of 2.17, it is enough to show that g ′ is an epimorphism. For this, let V → W be a morphism such that the solid diagram
commutes. By assumption, the dotted morphism N → W rendering the diagram commutative exists. Since g is an epimorphism, the morphism N → W is the zero morphism. The claim follows. The fact that statement (a) implies statement (b) can be shown using an argument similar to that used in the proof of 2.12. We leave the details to the reader.
The defect of a d-exact sequence
In this section we introduce the defect of a d-exact sequence, which is analogous to the defect of a short exact sequence. We prove a higher version of Auslander's defect formula using a minor modification of Krause's proof of the classical formula, cf. [Kra03] . 
We define δ * , the contravariant defect of δ, by the exact sequence of functors
Clearly, the association (δ, X) → δ * (X) induces a bifunctor
where d -Ex(M) denotes the category of d-exact sequences in M. Dually, the covariant defect of δ, denoted by δ * , is defined by the exact sequence of functors
The following observation shows that the defect is well defined up to homotopy equivalence of d-exact sequences (considered as complexes). 
Proof. By the functoriality and additivity of Hom Λ (−, −), for each M ∈ M the induced morphism of complexes
is a homotopy equivalence and, in particular, a quasi-isomorphism. Since δ * (M ) is the cohomology of the top row at Hom Λ (M, N ) and ε * (M ) is the cohomology of the bottom row at Hom Λ (M, W ), the claim follows.
We denote Heller's syzygy functor by Ω : mod Λ → mod Λ. Following [Iya07b] , we consider the functor Proof. Let M, N ∈ M and consider commutative diagram
where the rows give projective resolutions of M and N . Applying the functor Hom Λ (−, Λ) to this diagram yields a commutative diagram We recall the following homological result which provides some motivation for the introduction of the higher transpose. 
Proof. The proof is straightforward. We refer the reader to Proposition 1.1.3 in [Iya07b] for details.
The following result is an easy consequence of 3.4. 
Proof. In view of 3.4, for each i ∈ { 1, . . . , d − 1 } and for all M ′ ∈ M the equality Tor
By an argument similar to that used in the proof of 2.2 and 3.4 the cohomology of the complex
Consider the functors Proof. In view of 3.3 it is enough to show that for all M ∈ M the objects τ d M and τ − d M also lie in M. We claim that for each i ∈ { 1, . . . , d − 1 } and for all N ∈ M there is an isomorphism
be minimal projective resolution of M . By definition, there is a complex
which is exact since for all i ∈ { 1, . .
which vanishes by assumption (here we use the fact that D is an exact functor). Hence this sequence gives an injective coresolution of τ d M . Note that there is an isomorphism of complexes
By definition, for each i ∈ { 1, . . . , d − 1 } the cohomology of the top row at
. Also, since D is an exact functor, the cohomology of the bottom row at N ) . The claim follows. Dually, one can show that τ
This finishes the proof of the theorem.
The following result, a higher analogue of Auslander's defect formula, is given as Lemma 3.2 in [Iya07b] where it is proven as a consequence of the higher AuslanderReiten duality formula.
Theorem 3.7 (Auslander's defect formula). Let M be a d-cluster-tilting subcategory of mod Λ. Then, there is a bifunctorial isomorphism between
Proof. The proof is an adaptation of the proof of the main theorem in [Kra03] . First, we observe that δ * (Λ) = 0, hence δ * induces a functor on M. Let X ∈ M and
Applying the functor M ⊗ Λ Hom Λ (−, Λ) to this sequence yields a commutative diagram
in which the vertical arrows are the canonical isomorphisms. Note also that the bottom row of this diagram is exact, since by definition its cohomology at Hom
We obtain the following commutative diagram
with exact rows and columns (the exactness of the rightmost column follows from 3.5). A Snake Lemma-type diagram chase (for example, one can use the Salamander Lemma 1.7 in [Ber12] ) shows that there is a functorial isomorphism δ * (X) ∼ = Ker(f ⊗ Λ Tr d X) as functors on M. Finally, we have a sequence of isomorphisms
It is straightforward to verify that this ismorphism is functorial in δ.
As an immediate consequence of 3.7, we obtain Iyama's higher Auslander-Reiten duality formula given as Theorem 2.3.1 in [Iya07b] .
Corollary 3.8 (Higher Auslander-Reiten duality formula). Let M be a d-clustertilting subcategory of mod Λ. Then, for X, Y ∈ M there is a bifunctorial isomorphism 
Hence, by 2.2 and 3.6 the functor Hom Λ (−, τ d X) induces an exact sequence
. On the other hand, it follows from the lifting property of projective Λ-modules that δ * (X) ∼ = Hom Λ (X, Y ). The claim now follows from 3.7.
Morphisms determined by objects
In this section we show that d-cluster-tilting subcategories of mod Λ have right determined morphisms.
Definition 4.1 (see Section 1 in [Aus78] ). Let X be a subcategory of mod Λ and
we have that h factors through g. In such a case, we call X a right determiner 2 of g in X.
The following result shows that every morphism in a d-cluster-tilting subcategory of mod Λ has a determiner. In our setting, it is a more precise version of Corollary 3.8 in [Kra13] . 
The proof of 4.2 makes use of the following easy consequence of the defect formula. 
Then, the following statements are equivalent for an object
By definition, the functors Hom Λ (−, X) and
and 
Proof of 4.2. Firstly, let
Applying 2.19 and 2.12, we obtain the solid d-pullback diagram
in which the middle row is also a left d-exact sequence in M. Then, by the factorisation property of d-pullback diagrams we conclude that every h ′ as above factors through g ′ . Since g ′ is an epimorphism if and only if every morphism Λ → V factors through g ′ , we deduce from the previous discussion that g ′ is indeed an epimorphism. Applying 2.17, we conclude the middle row is a d-exact sequence in M.
In particular, f ′ is a split monomorphism and by 2.9 we have that g ′ is a split epimorphism as well. Therefore h factors through g. This shows that Λ ⊕ τ − d L is a right determiner of g. Suppose now that g is an epimorphism. Then, in the diagram above, the bottom row is a d-exact sequence by 2.17. Consequently, by 2.20 the middle row is also a d-exact sequence. Then, the argument in the previous paragraph shows that h factors through g. Therefore τ − d L is a right determiner of g in this case.
The next result is a special case of Proposition 3.9 in [Kra13] . 
Proof. By definition, there is an exact sequence
We claim that there exists a morphism h : L → L X such that L X is in add τ d X and such that the composition
is a projective cover of the
be a projective cover of δ * (τ d X). Then, ϕ factors through the epimorphism
due to the projectivity of Hom Λ (L X , L). Finally, by Yoneda's lemma, the required morphism is induced by some h : L → L X (see also Lemma VI.3.1 [ASS06] ).
By the dual of 2.19 and 2.12 there exists a d-pushout diagram
it follows from 3.6 that g X is right X-determined in M.
(b) Since g factors through g X we have Im Hom Λ (X, g) ⊆ Im Hom Λ (X, g X ). By applying the functor Hom Λ (X, −) to the above diagram and using the snake lemma, we obtain a commutative diagram with exact rows
and where the left column is a short exact sequence. Hence it is sufficient to show that ϕ * (X) is a monomorphism or, equivalently by 3.7, that ϕ * (τ d X) is an epimorphism. Applying the functor Hom Λ (−, τ d X) to the same diagram as before yields a commutative diagram with exact rows
where the diagonal arrow is an epimorphism since it is a projective cover. Hence
is an epimorphism and the claim follows.
Let M, N ∈ mod Λ. We denote the ideal of Hom Λ (M, N ) of morphisms which factor through a projective Λ-module by P(M, N ).
As a consequence of 4.5 we obtain the following special case of 4.4. 
Proof. Observe that, since H is a finitely generated End Λ (X)-module, there exist
commutes. In particular, we have Im Hom Λ (X, g ′ ) = H. Let p : P → N be a projective cover. Then, g := [g ′ p] : X ′ ⊕ P → N is an epimorphism and
Then, by 2.16 and 4.5 we have that there exists a right X-
which is what we needed to show.
We reduce the proof of 4.4 to 4.6. Note that 4.4 is clear if X = Λ. We need the following lemma. 
Proof. By 4.7 there exists a morphism f ′′ : M ′′ → N in M which is right Λ-determined in M and satisfies
Hence, f ′′ ∈ S, and the claim follows.
Lemma 4.9. Let M be a d-cluster-tilting subcategory of mod Λ, X, N ∈ M and H an End Λ (X)-submodule of Hom Λ (X, N ). Then, there exists a morphism u : N H → N in M satisfying the following properties:
Proof. Choose a morphism u :
for all f ∈ S. This is possible by 4.8 and the fact that Hom Λ (Λ, N ) has finite length. By definition, u satisfies property (a), so we only need to show that (b) holds. Let h : V → N be a morphism in M satisfying Im Hom Λ (X, h) ⊆ H. By 4.7, there exists a morphism h ′ : V ′ → N in M which is Λ-determined in M and with Im Hom Λ (Λ, h) = Im Hom Λ (Λ, h ′ ). Hence, there exists a morphism v :
This shows that h ′ ∈ S. Hence, we have that
, and so there exists a morphism w :
We are ready to prove 4.4.
Proof of 4.4. Let u : N H → N be the morphism given by 4.9 and set H ′ := Hom Λ (X, u) −1 (H). By 4.6, there exists a right X-determined morphism g
. Finally, since g H ′ is right X-determined in M we have that v factors through g H ′ and hence h factors through g. This shows that g is right X-determined in M. This finishes the proof of the theorem.
d-almost split sequences
In this section we establish the existence of d-almost split sequences in d-clustertilting subcategories of mod Λ.
Let M be a subcategory of mod Λ. Recall that a morphism g : M → N in M is right almost split in M if it is not a split epimorphism and every morphism L → N in M which is not a split epimorphism factors through g.
The following result is classical. Proof. Recall that since N is indecomposable rad Hom Λ (N, N ) consists precisely of the non-invertible morphisms in Hom Λ (N, N ). We prove that (a) implies (b). We begin by showing that Im Hom Λ (N, g) = rad Hom Λ (N, N ) . It is clear from the definition of almost split morphism that rad(N, N ) ⊆ Im Hom Λ (N, g). Conversely, let h : N → M be a morphism and suppose that g • h / ∈ rad(N, N ). Hence g • h is invertible and therefore there exists a morphism i : N → N such that g • h • i = 1 N . This contradicts the fact that g is not a split epimorphism and the claim follows.
Let h : V → N be a morphism in M such that Im Hom Λ (N, h) ⊆ Im(N, g). We claim that h is not a split epimorphism. Indeed, suppose otherwise; then there exists a morphism i : N → V such that h • i = 1 N . Hence 1 N ∈ Im Hom Λ (N, h) ⊆ rad Hom Λ (N, N ) , a contradiction. Therefore h is not a split epimorphism and, given that g is right almost split, h factors through g. This shows that g is right N -determined in M.
We prove that (b) implies (a). Let h : V → N be a morphism in M which is not a split epimorphism. One can show, as above, that Im Hom Λ (N, h) ⊆ rad Hom Λ (N, N ) = Im Hom Λ (N, g) . Finally, since g is right N -determined we have that h factors through g, which is what we needed to prove.
As a consequence of 4.4 and 5.1, we deduce the existence of right almost split morphisms in d-cluster-tilting subcategories of mod Λ. We recall the definition of a d-almost split sequence. We are ready to prove the main theorem of this section. 
Proof. Let N ∈ M be an indecomposable non-projective Λ-module. The case of an indecomposable non-injective Λ-module L ∈ M is dual. By 5.2 there exists a right minimal morphism g : M d → N which is right almost split in M. Since N is not projective, its projective cover is not a split epimorphism and therefore factors through g. Hence g is an epimorphism. Also, note that g lies in the Jacobson radical of mod Λ since N is indecomposable and g is not a split epimorphism. By 2.16 there exists a left d-exact sequence We claim that f is left almost split in M. Indeed, let h : N ′ → N ′′ be a morphism in M which is not a split monomorphism and suppose that h does not factor through f . By 2.19 and 2.20 there exists a d-pushout diagram 0 N
